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Abstract 
This article discuss the algebra teaching knowledge of preservice elementary 
mathematics teachers in the context of CK and PCK as well as the 
relationship between them. The study was conducted with 101 preservice 
teachers sampled from a state university in Turkey. Rasch analysis was used 
to interpret the data. The results revealed that preservice teachers performed 
at mid-level for both CK and PCK tests. It was also found that there was a 
significant correlation between the CK and PCK test scores. Weaknesses of 
the preservice teachers in terms of knowledge of the learner component of 
PCK, in comparison with presentation of content, were identified.  
 
Keywords: Algebra teaching knowledge, content knowledge, pedagogical 
content knowledge, measuring teaching knowledge  
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Resumen 
Este estudio discute el conocimiento de la enseñanza del álgebra de maestros de 
matemáticas elementales en el contexto de CK y PCK, así como la relación entre 
ellos. El estudio se llevó a cabo con 101 futuros/as maestros/as, tomados de la 
universidad estatal de Turquía. Se utilizó el análisis de Rash para interpretar los 
datos. Los resultados revelaron que los maestros/as en formación se desempeñan en 
el nivel medio para las pruebas de CK y PCK. También se encontró que había una 
correlación significativa entre la puntuación de las pruebas CK y PCK. Se 
identificaron las debilidades de los futuros docentes en cuanto al conocimiento del 
del contenido y de los alumnos en el modelo PCK, en comparación con el 
componente “presentación del contenido.”  
Palabras clave: Conocimiento de la enseñanza del álgebra, CK, PCK, medición 
del conocimiento de la enseñanza 
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apid accumulation of knowledge in society and technological 
advances require an altering of educational curricula. Teachers, as 
the primary implementers of teaching programs, play a leading role 
in the success of a curriculum, even if the curriculum has been perfectly 
prepared. In this regard, teachers’ decisions and applications are 
fundamentally based on the knowledge they possess. However, the 
formerly widely-held notion that “the one who knows teaches” is no longer 
fully supported, with the types of professional knowledge that a teacher 
should possess being redefined (An, Kulm & Wu, 2004; Baki, 2012a; Ball, 
Thames & Phelps, 2008; Grossman, 1990; Shulman, 1986).   
 Shulman (1986), in one of the early works in this area, emphasized 3 
fundamental components of knowledge that a teacher should possess. These 
components include content knowledge, pedagogical content knowledge 
and curriculum knowledge. Shulman (1987) described the components of 
content knowledge and pedagogical content knowledge as separate, but 
related. In this sense, content knowledge is composed of both content 
knowledge and pedagogical knowledge and is necessary for effective 
instruction. This type of knowledge represents the capacity for carrying out 
special representations, examples and demonstrations that allow students to 
comprehend the given subject matter. In other words, it refers to how 
subject matter is taught. It concerns anticipating the concepts that may be 
difficult for students to learn, as well as determining and putting into 
practice appropriate strategies, techniques and methods for overcoming 
these difficulties. This classification, which was made by Shulman 
approximately 30 years ago, has been taken as a reference by various 
researchers among knowledge categories for specific disciplines.  
 For instance, numerous scholars (e.g., Baki, 2012a; Ball, Thames & 
Phelps, 2008; Fennema & Franke, 1992; Grossman, 1990) have defined the 
concept of mathematics teaching knowledge over time. Ball et al. (2008), 
for example, describe mathematical knowledge for teaching school 
mathematics as the ability to use a technique or a method and to determine 
the most appropriate way to present content, as well as possessing the 
relevant mathematical content knowledge. What is common for all the 
above-referenced studies is their emphasis on content knowledge and 
pedagogical content knowledge as the two most prominent knowledge 
components a teacher should have.      
R 
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 Defining teaching knowledge and its sub-components is important in 
terms of forming a basis for evaluating the knowledge of teachers, which is 
an important process due to its impact on student learning. Studies in this 
regard may be significant in terms of providing information about the 
efficiency of in-service and preservice educational activities. However, a 
review of the related literature reveals that many the existing studies 
relating teacher knowledge have been conducted primarily on a micro level; 
i.e., they have mainly focused on a single concept and the teaching of that 
concept (e.g. Chick & Harris, 2007; Işıksal, 2006; Kazima, Pillay & Adler, 
2008; Stump, 1999; Şahin, Gökkurt, & Soylu, 2016; Taylan, da Ponte, 
2016). In recent years, there has been increasing number of studies 
examining teacher knowledge in a particular subject area (Danisman & 
Tanisli, 2017; Ferrini-Mundy, Burill, Floden & Sandow, 2003; Li, 2007; 
McCrory, Floden, Ferrini-Mundy, Reckase & Senk, 2012); algebra among 
them.  
 The teaching and learning of school algebra has been emphasized in 
recent years in Turkey due to its crucial role as a foundation for secondary 
and university level mathematics. When considering mathematics as a 
generalization process (NCTM, 2000), one can refer algebra as the 
language of generalization (Usiskin, 1988). Thus, educators have defined 
algebra as one of the three central learning fields of school mathematics. In 
addition to its status as basis for more advanced mathematics, algebra is 
known for improving mathematical thinking and providing opportunities to 
analyze mathematical issues, and therefore is an important component of 
the school curriculum (Moses, 1995; NCTM, 2000). With these 
considerations in mind, the teaching of algebra, as well as learning, 
becomes an important concern addition to learning of it.  
 However, although the crucial role of algebra in school mathematics, 
educational studies in the national perspective revealed low student 
achievement in algebra learning field (e.g. Çelik & Güneş, 2013; Yenilmez 
& Avcu, 2009). Similarly, low algebra performance of Turkish students in 
international exams such as TIMSS (Bütüner & Güler, 2017) and PISA 
(Anıl, Özer Özkan, & Demir, 2015) has shifted to focus on the studies 
related to algebra teaching. In other words, investigating algebra teaching 
knowledge of in service and preservice mathematics teachers in the 
dimensions of content knowledge and pedagogical knowledge may be a 
variable to predict the current or future students’ academic achievements. In 
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this regard, algebra content knowledge (ACK) and algebra pedagogical 
content knowledge (APCK) terms come to the forefront. While ACK refers 
mostly existing objectives in the curriculum and the mathematical facts 
behind those objectives, APCK is required to simplify these facts as well as 
knowing the nature of concept, being aware of the misconceptions that 
students commonly surface, shaping the manner in which teachers teach, 
making it understandable for students and so on (Ferrini-Mundy, McCrory 
& Senk, 2006). The components of ACK and APCK are detailed in 
theoretical framework.  
 The present study takes this into account by focusing on algebra as a 
subject field while sampling the content knowledge and pedagogical 
content knowledge of future teachers.   
 
Theoretical Framework 
 
Various studies have been conducted to define the knowledge types that a 
mathematics teacher should possess (Baki, 2012a; Ball, Thames & Phelps, 
2008; Fennema & Franke, 1992; Grossman, 1990).  While some of those 
studies differ in terms of their definition of context knowledge (Grossman, 
1990) or beliefs (Fennema & Franke, 1992) as components of mathematics 
teaching knowledge, it has been generally agreed that content knowledge 
and pedagogical content knowledge are the two most important elements of 
mathematics teaching knowledge. In this respect, content knowledge can be 
broadly defined as awareness of core mathematical concepts and operations 
and the relationship between them. Pedagogical content knowledge, on the 
other hand, includes the knowledge and methods necessary to make 
mathematics concepts understandable for students. Pedagogical content 
knowledge, in turn, is made up of components such as knowledge of the 
learner (student), special teaching methods, methods of planning and 
presenting content, and approaches for measurement and assessment (Baki, 
2012a; Ball, Thames & Phelps, 2008; Grossman, 1990).  
 Within the scope of this study, the subcomponents of knowledge of the 
learner and presentation of the content are emphasized due to their central 
importance in the teaching-learning environment. Knowledge of learners 
basically calls for understanding students’ thinking and learning difficulties, 
as well as awareness of their prior knowledge and possible misconceptions 
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(Baki & Baki, 2010; Baki, 2010; 2012a; Ball, Thames & Phelps, 2008; 
Marks, 1990; Shulman, 1986; 1987). Presentation of content, on the other 
hand, involves a multilateral structure including the examples, presentations 
and analogies used to render content meaningful for students (Ferrini-
Mundy, McCrory & Senk, 2006). 
 While the existing studies aiming to define mathematics teaching 
knowledge are important in terms of offering a general framework, they are 
superficial with respect to defining teaching knowledge as it relates to the 
various subjects and concepts in mathematics (Li, 2007). The content that 
requires investigation in terms of algebra, data and geometry knowledge 
and skills differs in substantial ways. Therefore, different models are 
needed that are specific to the subject, reflecting its core content, base 
knowledge and skills. With this in mind, the researchers elected to apply 
conceptual framework developed by Ferrini-Mundy et al. (2003), as it 
focuses particularly on the teaching knowledge that is necessary for 
teaching algebra-related topics. The knowledge types that mathematic 
teachers should possess for effective algebra teaching are described within 
this framework, as illustrated in Figure 1. 
 
 
Figure 1. Conceptual framework for evaluating algebra teaching knowledge 
(Ferrini-Mundy, Floden, McCrory, Senk & Reckase, 2005) 
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 Figure 1 illustrates the requisite knowledge for teaching school algebra 
within a 3-dimensional structure, comprising algebra knowledge for 
teaching, algebra content, and the domains of mathematical knowledge. 
Algebra knowledge for teaching, which is represented by the X-axis, is 
composed of three subdivisions: school algebra, advanced algebra and 
teaching knowledge. In this regard, school algebra reflects the attainments 
of the corresponding curriculum and its pertinent concepts. Advanced 
algebra, on the other hand, represents secondary school and university level 
algebra; these form a theoretical base for the conceptual understanding of 
school algebra. While these two components are primarily related to 
content, the third component, teaching knowledge, prioritizes instructional 
activities (Ferrini-Mundy, McCrory & Senk, 2006). In a general sense, 
teaching knowledge includes a variety of competences that fall within the 
category of pedagogical content knowledge, including awareness of the 
reasons that learning a particular concept is difficult; anticipating student 
misconceptions and incorrect conceptions; and presentation of the 
mathematical content required to reach instructional attainments (Ferrini-
Mundy, McCrory & Senk, 2006). Therefore, it can be said that the teaching 
knowledge component defined in this framework coincides with the 
concept of pedagogical of content knowledge described in other theoretical 
studies.   
 In the current investigation, algebra content (corresponding to the Z 
axis) and the domains of mathematical knowledge (the Y axis) of Ferrini-
Mundy et al.’s (2005) conceptual framework and outlined in Figure 1 were 
used as originally designed. However, the algebra knowledge for teaching 
(corresponding to the X axis) was restricted and adapted to comprise 
advanced algebra knowledge, knowledge of learners, and presentation of 
content components. This adapted framework is illustrated in Figure 2.  
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Figure 2. Revised framework for evaluating algebra teaching knowledge 
 
 The conceptual framework introduced by Ferrini-Mundy et al. (2005) 
allows the identification of algebra teaching knowledge of teachers/teacher 
candidates in terms of preparing qualitatively and quantitatively sufficient 
questions for each dimension and its components. In this study, we 
deepened PCK into two dimensions, as they have been frequently 
mentioned in the literature (Ball, Thames & Phelps, 2008; Shulman, 1986). 
Questions were prepared to address each of the cubes shown in Figure 2. 
On the other hand, the content knowledge dimension was restricted to the 
knowledge of advanced algebra. This restriction can also be seen in other 
studies (e.g. Li, 2007) that were produced from KAT project. 
 
Aim of the Study 
 
This study aims to investigate the algebra teaching knowledge of senior 
preservice elementary mathematics teachers at the completion of their 
teacher training program. In accordance with this aim, the authors focused 
on the following sub-aims: 
• To determine the algebra content knowledge of preservice 
elementary mathematics teachers, 
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• To determine preservice elementary mathematics teachers’ 
knowledge of learner and presentation of content as components of 
their pedagogical content knowledge. 
• To investigate whether a relationship exists between content 
knowledge and pedagogical content knowledge. 
 
Method 
 
This study aims to investigate the algebra teaching knowledge of senior 
preservice elementary mathematics teachers at the completion of their 
teacher training program. In accordance with this aim, the authors focused 
on the following sub-aims: 
• To determine the algebra content knowledge of preservice 
elementary mathematics teachers, 
• To determine preservice elementary mathematics teachers’ 
knowledge of learner and presentation of content as components of 
their pedagogical content knowledge. 
• To investigate whether a relationship exists between content 
knowledge and pedagogical content knowledge. 
 
Participants 
 
The study was performed with 101 preservice teachers in their final semester 
of an Elementary School Mathematics Education department in a public 
university in the 2012-2013 academic year. In Turkey, where the study took 
place, teacher training programs are carried out according to a standardized 
curriculum overseen by the Turkish Council of Higher Education (YÖK). 
Thus, the participants had the same learning experience as students enrolled 
in similar programs in other universities (for a list of the courses included in 
the program, see YÖK, 2016). 
 
Data Collection Tools 
Algebra Content Knowledge (ACK) and Algebra Pedagogical Content 
Knowledge (APCK) tests developed by researchers were used as data 
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collection tools. The conceptual framework in Figure 2 was utilized in the 
development process. For the content knowledge and pedagogical content 
knowledge tests, five main concepts (algebraic expressions, patterns, 
equality and equations, inequalities and functions) relating to algebra 
content were targeted with reference with the curriculum. The item pool for 
the tests was assembled with the help of projects such as TEDS-M and 
KAT, as well as studies in literature pertaining to student misconceptions 
and learning difficulties in algebra (Even, 1993; Grossman, 1995; 
Haciomeroglu, 2005; Özmantar, Bingölbali & Akkoç, 2008; Selden & 
Selden, 2003).   
 Five doctorate level postgraduate students were asked to answer and 
evaluate the items to test their completeness, clarity and correctness. 
Afterward, as the first step of a pilot study, the tests were revised according 
to the feedback of the evaluators and then applied to 30 students who were 
in their 3rd year of study. This pilot study provided insight into the 
comprehensibleness of the items and helped with the determination of 
probable responses and the duration of the application. Based on the 
probable responses, a draft rubric was developed for analyzing the 
responses of the open-ended questions.    
 In the next step, the items were compiled in a form (see Appendix 1) and 
submitted to five academics with degrees in mathematics education. These 
experts were requested to state the extent to which the items reflected the 
conceptual framework shown in Figure 2. This process was performed to 
increase the content validity of the tests. Furthermore, in consideration of 
the opinions of the experts, four items from the APCK and 1 item from the 
ACK test were excluded. In the second step, to determine the validity and 
reliability of the test, the ACK (24 items) and APCK (23 items) were 
applied with 61 4th year (senior) pre-service teachers within a 120-minute 
application period. The test booklets were prepared as Group A and Group 
B to prevent students from influencing each other’s answers. The second 
pilot was important in terms of finalizing the rubrics to be used for 
evaluating responses to the open-ended questions and for anticipating the 
test statistics.  
 The item and test statistics were determined based on the Rash model, 
which is one of the models of Latent Traits Theory (LTT). According to 
LTT, there is a relationship between the skills of individuals in a particular 
field and their responses to question items concerning that field; this 
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relationship can be expressed in a mathematical sense (Berberoğlu, 1998; 
Doğan, 2002). Since skill scores (described in Logits) can be obtained 
independently from tests applied to individuals–namely, independent from 
a group (Berberoğlu, 1998; Wright, 1977), they are more fundamental in 
nature than both real and observed scores in LTT (given that real and 
observed scores in classical test theory are dependent on the test). In other 
words, an individual taking two different examinations targeting the same 
trait in a close time interval can score lower on the more difficult of the 
two, and higher on the easier. However, the skill of the individual in 
relation to the evaluated trait remains constant (Hambleton & Jones, 1993). 
Numerous projects aiming to evaluate the teaching knowledge of pre-
service teachers, such as MT-21 and TEDS-M (Schmidt, et al., 2007; Tatto, 
et al., 2008), as well as studies evaluating the mathematics performance of 
students, have applied this theory and model (e.g., Izard, Haines, Crouch, 
Houston & Neil 2003; Koparan 2012; Misailidou & Williams 2003; 
Watson, Kelly & Izard 2004). In addition, it is stated in the literature that 
the Rasch model is an appropriate and easy means for interpretation in 
developing and evaluating tests, including those consisting of open ended 
items where participants receive partial credit based on the rate of 
correctness of their answers (Blömeke, Houang & Suhl, 2011; Koparan, 
2012; Warburton, 2013). Backed by these reasons, this model is preferred 
in developing ACK and APCK tests composed of both multiple choice and 
open ended questions.           
 The responses to the test items were scored as 0 or 1 for multiple choice 
and short answer items, and a maximum of 2 points were given for open 
ended items. The raw scores obtained from each pre-service teacher were 
analyzed with WINSTEPS 3.72, which complies with the Rasch model. 
First, item-model fitness was tested to provide fit validity. Any 
abnormalities represented a lack of fit between the items and the model 
(Aziz et al., 2016). In the literature, it is reported that input/output values 
should fall between 0.5 and 1.7 for item-model fitness (Bond & Fox, 2007). 
 According to Wolfe and Smith (2007a, 2007b), these values are also 
indicators of construct validity. This analysis showed that one item in the 
ACK test, and 3 items in the APCK test, had insufficient fitting values. 
After concluding that removal of these items would not affect the content 
validity adversely, these items were excluded from the respective tests. The 
final ACK test consisted of 23 items, and the final APCK test had 20 items. 
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Reliability analysis (see Appendix 2) revealed that individual reliability, 
which presents a close value to the general test reliability coefficient, was 
between .80 and .82 for the ACK and between .81 and .83 for the APCK. 
The reliability coefficient Cronbach’s Alpha for both tests was calculated as 
.80. Since the value of Cronbach’s alpha was greater than .70, the reliability 
of the tests falls within the acceptable range (Santos, 1999). (For sample 
questions, see Appendix 3). 
 
Analysis of Data 
The responses given by the participants to the ACK and APCK tests were 
scored and recorded in two Excel files. The rubrics that had been developed 
for the purpose were used in the evaluation of the open-ended questions. 
Table 1 illustrates the scoring rubric for the 3rd item of the ACK test.   
 
Table 1.  
Scoring rubric used for the 3rd item of the ACK test.   
3. Prove correctness of the following proposition: 
 “If the graphs of linear functions  f(x) = ax+b and g(x) = cx+d intersect at a 
point P on the x-axis, the graph of their sum function  (f + g) (x) must also pass 
through P.”   
(Adopted from TEDS-M Project, See Tatto et al., 2008) 
 
2 points  
Responses make mathematically correct 
inferences and complete the proof 
1 point 
Responses make mathematically correct 
inferences but cannot complete the proof 
0 points 
Blank responses, incorrect mathematical 
statements, fully wrong inferences  
 
 The data were collected in Excel files and then transferred into 
WINSTEPS 3.72. An item-person map was then prepared for each test by 
converting the raw scores of the pre-service teachers into linear scores. This 
was done with the aim of visualizing the achievement state of the 
candidates. The skill levels of a person for a given trait varies between -3 
and +3 logit, and a move from -3 towards +3 represents increasing 
individual skill level (Cepicka, 2007). In addition to item-person maps, it is 
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also possible to form person-item maps. Item-person maps compare both 
the skills of the participants and the item difficulties on a single scale. Items 
having fewer than 0 linear points, i.e., items having a negative linear score 
in the item-person map, are referred to as hard items (Koparan, 2012).  
Finally, the correlation between APCK and ACK was determined using the 
Spearman-Brown analysis due to the data did not fulfill the requirement 
(>.05) of normality test. 
Findings 
In this section, the findings of the analyses of the ACK and APCK tests are 
presented. First, the ACK and APCK scores of the participants were 
converted to linear scores, and then student achievement and the ratio of the 
items to which they responded were compared.   
 Item-person and person-item maps were assembled based on the linear 
scores extracted from the data obtained from the ACK and analyses. The 
resulting item-person map is presented in Figure 3, and the person-item 
map is presented in Figure 4. 
 The Item – person map shown in Figure 3 reveals that 65 pre-service 
teachers out of 101 scored below the accepted achievement limit of 0 point 
for the ACK test. When the whole test is considered, it can be observed that 
most of the participants scored between -1 and +1, and more than half of 
the participants falling into this interval scored between -1 and 0. While 
11P, 41P and 53P were the most successful participants, 51P, 40P and 75P 
were the least successful. To determine which items gave the participants 
difficulty -- in other words, the items that had a lower rate of response, the 
individual-item map shown in Figure 4 was used. 
 Item-person and person-item maps were assembled based on the linear 
scores extracted from the data obtained from the ACK and analyses. The 
resulting item-person map is presented in Figure 3, and the person-item 
map is presented in Figure 4. 
The person – item map in Figure 4 reveals that the pre-service teachers had 
the greatest difficulty in a section of item 18 (item 18a) and item 4. On the 
other hand, item 8 and item 15 respectively were the most easily answered 
items. The items with a linear point lower than 0 -- i.e., items that the pre-
service teachers had difficulty answering, were mainly accumulated in the 
knowledge component of “linear - non-linear functions and their 
properties”. Furthermore, when the dimension; “domains of mathematical 
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knowledge” was investigated, it was observed that the pre-service teachers 
had the greatest difficulty in items that fell into the “applications” 
knowledge component.  
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*P: Person (For example 27P represents 27th person/participant) 
Figure 3. Item – person map of ACK test Figure 4. Person – item map of ACK 
test 
  As for the ACK, item-person and person-item maps were assembled 
based on the linear scores extracted from the data obtained from the APCK 
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and analyses. The resulting item-person map is presented in Figure 5, and 
the person-item map is presented in Figure 6. 
 
           
More Difficult  More Successful 
Less Difficult  Less Successful 
More Successful  Less Difficult 
Less Successful  More Difficult 
 
Figure 5. Item – person map of APCK 
test 
Figure 6. Person – item map of APCK 
test 
 
  Referring to the item-person map in Figure 5, participants 1 and 44 had 
the highest level of success on the APCK test, while 39P and 55P had the 
lowest. Furthermore, 47P, 57P, 66P, 98P and 100P performed at moderate 
achievement level. When all of the participants were considered out of 101 
pre-service teachers, it can be seen that 61 of the pre-service teachers were 
successful, 5 were successful at a moderate level, and 35 pre-service 
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teachers scored below the achievement limit of 0. The scores of the 
majority of the successful pre-service teachers were between 0 and 1; and 
the pre-service teachers with low success were between 0 and -1.  
  An examination of Figure 6, representing the person-item map, reveals 
that the items with which the pre-service teachers had the greatest difficulty 
were items 6 and 18. On the other hand, items 1a and 18b were the easiest. 
Evaluated in the algebra content dimension, the most difficult items for the 
pre-service teachers were related to “linear- non-linear functions and their 
properties” in the ACK test. However, in the domains of the mathematical 
knowledge dimension, quite different results were obtained. In this 
dimension, the items that presented the most difficulty clustered around the 
component of “core concepts and procedures”. Furthermore, the 
“applications” component, with which the pre-service teachers had been the 
least successful in the ACK, was the item answered with the highest ratio 
for the APCK test. In examining the APCK test in the context of 
pedagogical content knowledge, it can be said that the pre-service teachers 
were more successful in answering items related to the presentation of 
content than items about the knowledge of learners. In other words, the 
success level of most of the pre-service teachers with respect to items 
pertaining to the knowledge of learners (31%) was much lower than items 
about presentation of content (56%).   
  For the sake of clarifying the issue and forming an overall picture in the 
context of algebra content and the domains of mathematical knowledge, the 
distribution of the ACK and APCK test items whose scores fell below 0 in 
the various components are illustrated in Figure 7 and Figure 8. 
  Figure 7 shows that pre-service teachers were successful on more than 
half of the items in the “algebraic expressions, equations and inequalities” 
component of the ACK and APCK tests. However, the opposite occurred in 
terms of the “Functions and their properties: Linear and nonlinear” 
component. Thus, it can be said that the pre-service teachers had greater 
difficulty with the items related to “linear and nonlinear functions and their 
properties” than the items concerning “algebraic expressions, equations and 
inequalities” on both tests. The performance of the pre-service teachers on 
the items related to the components of domains of mathematical knowledge 
are presented in Figure 8.   
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Figure 7. Rate of items falling below the level of zero in the components of algebra 
content 
 
Figure 8. Rate of items falling below zero level in components of mathematical 
content 
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  Based on the data presented in Figure 8, it can be said that the pre-
service teachers exhibited a similar level of success for the component of 
“representations” on the ACK and APCK tests.  However, it was apparent 
that their performance in the knowledge components such as “core concepts 
and procedures” and “applications” were quite different.  While about the 
half of the pre-service teachers were not successful in answering the items 
in the “applications” component of the ACK test, approximately the same 
ratio fell into one-third on the APCK test. On the “core concepts and 
procedures” component, approximately one third of the pre-service teachers 
had difficulty in answering the items on the ACK test, more than two third 
of them could not answer these on the APCK test.  The greatest level of 
success was seen in the items relating to the “fundamental concepts and 
procedures” and “reasoning and proof” components of the ACK test, as 
well as the “applications” and “representations” components of the APCK 
test.   
  Finally, the relationship between CK and PCK was determined with the 
Spearman correlation test. The summary of the test results is shown in 
Table 2. 
 
Table 2.  
Spearman Correlation between APCK and ACK  
    APCK ACK 
APCK 
rho 
p 
n 
1.000 
 
101 
0.404** 
0.000 
101 
ACK 
rho 
p 
n 
0.404** 
0.000 
101 
1.000 
 
101 
  **Correlation  is significant at the .01 level 
 
  Table 2 indicates that there was a positive, moderate correlation 
between PCK and PCK of the participants (Spearman’s ρ=.404; p =.000) as 
expected. In other words, this result indicates that students with high PCK 
scores had relatively high scores on the CK, as well.  
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Discussion and Conclusion 
 
In this study, which aimed to determine the algebra content knowledge 
(ACK) and pedagogical content knowledge (APCK) of pre-service 
mathematics teachers, an ACK and an APCK test were applied with 101 
teacher candidates. A Rasch analysis performed on the results revealed that 
36 of the pre-service teachers on the ACK test, and 61 pre-service teachers 
on the APCK test, scored above the reference success limit level zero. The 
average linear scores of the pre-service teachers were calculated at -0.3 for 
ACK and at 0.17 for APCK. Although the average achievement levels of 
the pre-service teachers on the APCK was higher than on the ACK, it can 
be said that the achievement level for both tests was similar. When the 
item-person maps for both tests (Figure 3 and Figure 5) were examined, 
more than half of the items on the AFCK test and almost half of the items 
on the APCK had negative logit. In other words, the pre-service teachers 
had difficulties in answering nearly half of the questions. On the other hand, 
hypothesizing that there is a relation between content knowledge and 
pedagogical content knowledge (e.g. Ball et al., 2008; Ozden, 2008); this 
study has tested and presented evidences from a qualitative study. As a 
consequence, the results of the current study indicate a positive moderate 
correlation between APCK and ACK. 
  As a component of pedagogical content knowledge, knowledge of 
learners requires awareness of students’ pre-knowledge, learning and 
misconceptions (Baki, 2012b; Ball, Thames & Phelps, 2008; Carpenter, 
Fennema, Peterson & Carey, 1988; Marks, 1990; Shulman, 1986; 1987). 
When meaningful learning is defined as learning by associating new 
information with existing knowledge, and thereby constructing new 
knowledge, awareness of the prior knowledge of learners is an important 
consideration for effective instruction (Baki, 2012b). In this respect, the 
present study showed that the majority of the pre-service teachers had 
difficulty in situations requiring knowledge of learners; as most of the 
APCK items that caused difficulty for the pre-service teachers were about 
determining the way students think. On the other hand, the pre-service 
teachers were more successful in the presentation of content component 
than that of knowledge of learners; yet, when the test was reconsidered as a 
whole it was determined that their achievement was not at an adequate 
level, and nearly half of the pre-service teachers failed on these items. Thus, 
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enriching the content of the Special Instructional Methods course and 
teaching it for a longer duration may be considered beneficial both in terms 
of improving the professional attributions of pre-service teachers and in 
minimizing the adverse effects of lack of experience of beginner teachers.      
  Since teachers’ mathematics knowledge affects the quality of 
instruction (Hill et al., 2008), content knowledge is also an important 
component of mathematics teaching knowledge. At the lower secondary 
level (middle school in the Turkish Educational System; grades 5 to 8), the 
topic of equations is important as foundation for advanced algebra. 
Mathematical content knowledge requires understanding both mathematical 
facts and the underlying reasons for these facts (Ball, 1988). Therefore, 
lower secondary level mathematics teachers should be aware not only of the 
concepts and attainments in the curriculum, but should also have higher 
secondary (e.g., lycée in the Turkish Educational System; grades 9-12) or 
sometimes university level mathematics knowledge related to the 
attainments in the curriculum. One such concept is that of functions, which 
are instructed implicitly at the lower secondary level. Dubinsky and Harel 
(1992) argued that functions are a “unique most important” concept for all 
classroom levels. The present study proved that the pre-service teachers had 
lack of knowledge about this important concept. This finding is similar to 
the results of the MT21, an international comparative project concerning 
the content knowledge of teachers from a wider perspective. In this case, it 
was determined that half of the participant countries had the lowest scores 
in the area of functions (Schmidt et al., 2007).  
  The weaknesses of the pre-service teachers’ performance on the algebra 
content knowledge relating to linear and non-linear functions and their 
properties was also observed on the pedagogical content knowledge test. 
Furthermore, the response ratio of the pre-service teachers to the items in 
the related components of the pedagogical content knowledge test was 
lower than the field knowledge test (see Figure 7). The result obtained here 
can be interpreted as weakness in concept knowledge towards content 
knowledge, an important component of mathematics teaching knowledge 
that also affects pedagogical content knowledge. This relationship has also 
been described by Baki (2012a), Heaton (1992), and Hill et al. (2008).     
  The core concepts and procedures in the domains of mathematical 
knowledge include opinions and core concepts particular to specific fields, 
as well as their applied algorithms and mathematical procedures. These 
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include counting, performing calculations, explaining expressions in 
algebraic form, solving equations, drawing function graphs, and rules or 
algorithms needed to perform these procedures (Li, 2007). Core algebraic 
concepts at the lower secondary level include patterns; variables; equations 
and inequalities; slope and linear functions and their graphs. In this study, 
one of the greatest level of achievement on the ACK test was related to the 
items concerning fundamental knowledge, as the researchers anticipated. 
The majority of the pre-service teachers were successful in responding to 
the items in this area. On the contrary, items related to core concepts and 
procedures on the APCK test led to the highest rate of failure. In other 
words, while the pre-service teachers were successful in their responses to 
the items relating to core concepts and procedures, they generally failed in 
their responses to items concerning the teaching of these concepts in 
relation to students’ understanding. This implies that content knowledge 
alone is not sufficient to teach the subject matter. It is recognized that this 
idea constitutes the conceptual framework for the theoretical studies 
defining the types of knowledge that teachers should have, as well as the 
studies differentiating content knowledge and mathematics teaching 
knowledge (Baki, 2012a; Ball, Thames & Phelps, 2008; Ferrini-Mundy et 
al., 2003; Grossman, 1990; Shulman, 1986; 1987). Similar results were also 
obtained in the TEDS-M project, which investigated the competences of 
pre-service teachers in an international context. In that project, it was 
determined that the average level of content knowledge was lower than 
mathematical pedagogical content knowledge (Tatto et al., 2012). 
Accordingly, it may be considered that more precise handling of 
mathematical concepts in teacher training institutions will improve both the 
mathematics and mathematics teaching knowledge of future mathematics 
teachers.     
  With respect to mathematical representations, the skills of organizing 
mathematical concepts and procedures and inter-relating the concepts are 
required. In this respect, Ferrini-Mundy et al. (2005) determined algebra-
specific representations to be graphs; algebra tiles; tables and variables; and 
oral explanations of the relationships among them. Numerous studies in this 
area have remarked that selection, application and transformation among 
these representations is important for increasing understanding of algebraic 
concepts (Baki, 2012a; Ferrini-Mundy et al., 2005; Ma, 1999; NCTM, 
2000). Considering the findings of the present study, the pre-service 
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teachers showed a moderate level of success on items in the representations 
component of both the ACK and APCK tests. In other words, nearly half of 
the pre-service teachers failed on these items on both tests. Weaknesses 
with respect to algebraic representations, which have been frequently 
reported in primary and secondary level students (Çıkla, 2004; 
Hadjidemetriou & Williams, 2002), were also encountered in this study. 
Because transition among representations is accepted as a fundamental 
component of mathematical thinking (Çelik, 2007; DeMarois & Tall, 1996; 
Thompson, 1994), and the transition process contributes to conceptual 
learning and problem solving (Heinze, Star & Verschaffel, 2009; Işık, Kar, 
İpek & Işık, 2012; Lesh ve Doerr, 2003), the mathematical and algebraic 
thinking at the primary and secondary school depends on teachers’ effective 
use of transition among representations. Accordingly, teacher training 
institutions have a responsibility to ensure that teacher candidates have a 
solid foundation in this area.    
  Applications, another component of mathematical knowledge, 
emphasizes the contextual association of mathematics problems with non-
algebraic cases, with other algebra-related topics, or with daily life (Burill, 
Ferrini-Mundy, Senk & Chazan, 2004; Ferrini-Mundy et al., 2005). In this 
study, the highest achievements on the APCK test were related to the area 
of applications. Because the school curriculum stresses teachers’ use of 
real-life applications in supporting meaningful learning, this result can be 
perceived as positive. However, the pre-service teachers did not exhibit a 
similar achievement level on the ACK test, hardstand this was shown to be 
the most difficult component on the content knowledge test. Therefore, it is 
possible that the pedagogical content knowledge items given in a scenario 
belonging to the knowledge of learner component already included the 
expected association, and that this increased the success ratio for the APCK 
test. Another potential reason for the teachers’ greater success in this regard 
is the fact that the questions on the APCK were by nature suitable for lower 
achievement levels.     
  Considering the ACK test, in addition to core concepts and procedures, 
the pre-service teachers were most successful in the mathematical 
knowledge domain of “reasoning and proof,” such as giving examples and 
counterexamples for given cases; proving cases by indicating analogies or 
geometrical proofs; and applying various proof techniques by considering 
the axiomatic system and making persuasive explanations (Ferrini-Mundy 
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et al., 2005). In this respect, it was initially hypothesized that the reasoning 
and proof items requiring a high level of cognitive performance would 
present an area of difficulty; however, the actual performance of the pre-
service teachers was contrary to this assumption. This result can be 
explained by the emphasis given to reasoning and proof during the 
candidates’ undergraduate education and may be seen as a positive aspect 
of the teacher training curriculum. However, the lack of success in the other 
domains of mathematical knowledge, as well as the serious weaknesses 
concerning the teaching of fundamental concepts, necessitates 
reconsideration of the content of courses in the field.  
  From an overall perspective, the average APCK scores of the pre-
service teachers were higher than the ACK scores. However, the average 
scores for both tests were close to a median level and did not reflect their 
intended achievement level. Concerning the pre-service teachers’ roles in 
preparing lower secondary school students for the lycée level, it can be 
asserted that their knowledge related to the fundamental (core) concepts 
(e.g., functions) may negatively impact the quality of instruction they are 
prepared to deliver. The results of the present study coincide both with 
projects such as the TEDS-M and MT21, as well as the results of the 
nationwide Teaching Content Knowledge Test (ÖABT1). In fact, the 
average scores for the 2014, 2015 and 2016 mathematics teaching ÖABT 
examinations were calculated at 20.135, 19.803 and 17.105 out of 50 
respectively (ÖSYM, 2014; 2015; 2016), which further supports the results 
of this study. Additionally, a national project conducted by Çelik et al. 
(2016) concluded that other universities in Turkey showed similar 
performance in the context of mathematics teaching knowledge. Because 
the same teacher training program is applied throughout the country in 
primary and secondary mathematics teaching programs, the results of this 
study may reflect the difficulties to be encountered in other universities.   
 
Limitations and Future Research 
 
Current study aimed to investigate the algebra teaching knowledge of 
mathematics teacher candidates in the context of content knowledge and 
pedagogical content knowledge. Although this study found a significant 
relation between CK and PCK there are considerable limitations and 
suggestions for future research. It was not scope of this paper to make 
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generalization of this result to whole subject areas of mathematics; 
therefore it is not sufficient to make a general conclusion that CK and PCK 
are interrelated to each other. The results of this study have only 
implications for knowledge for teaching algebra. As a result, there is a need 
for further studies developing measurement tools to be used in other 
individual (or all) subject areas. On the other hand, the theoretical 
framework used in this study was designed to examine teaching knowledge 
in the subject of algebra. Future researchers are suggested to adapt the 
presented framework to include different subject areas. A further limitation 
of this study was that the research aimed to picture the current state of the 
future teachers.  There is a need to investigate how teacher training 
programs affect teacher candidates’ CK and PCK throughout their 
bachelor’s programs. The current study is focused only on the senior 
student teachers. As such, latitudinal studies are recommended by the 
authors. As a final suggestion, new instructional approaches that have been 
proven to increase the CK and PCK components of teaching knowledge 
(e.g. Baki et al., 2016; Santagata & Guarino, 2011) should be implemented 
in teacher training programs. 
 
Notes 
1 This article is based on a master’s thesis completed by the first author under the supervision 
of the second author.  
2 ÖABT is Turkish National Teacher Examination held by the Student Selection and 
Evaluation Center of Turkey, an independence institute. The ÖABT is a precondition for 
teaching at state schools. Graduates who achieve sufficient scores in their fields are 
appointed to teaching positions by the Ministry of Education. 
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Appendix 1 
 
Expertise form for 15th question of APCK test 
 
* The main form was prepared as a booklet.  
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Appendix 2 
 
Reliability analysis of ACK & APCK tests 
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Appendix 3 
 
Sample test items 
 
